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Abstract
Let (X,F ,µ) be a complete probability space, B a sub-σ -algebra, and Φ the probabilistic
conditional expectation operator determined by B. Let K be the Banach lattice {f ∈ L1(X,F ,µ):
‖Φ(|f |)‖∞ < ∞} with the norm ‖f ‖ = ‖Φ(|f |)‖∞. We prove the following theorems:
(1) The closed unit ball of K contains an extreme point if and only if there is a localizing set E for
B such that supp(Φ(χE)) = X.
(2) Suppose that there is n ∈ N such that f  nΦ(f ) for all positive f in L∞(X,F ,µ). Then K
has the uniformly λ-property and every element f in the complex K with ‖f ‖ 1n is a convex
combination of at most 2n extreme points in the closed unit ball of K.
 2005 Elsevier Inc. All rights reserved.
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Let H be normed space. A unit vector e is said to be an extreme point of H if e is
an extreme point of the unit ball of H. A normed space H is said to have the λ-property
if for any vector f in the unit ball of H, there are an extreme point e of H, β ∈ (0,1],
and a vector g in the unit ball of H such that f = βe + (1 − β)g. H is said to have
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there are an extreme point e of H and a vector g in the unit ball of H which satisfy f =
βe + (1 − β)g [1].
Let (X,F ,µ) be a complete probability space, B a sub-σ -algebra of F , and Φ the
probabilistic conditional expectation operator determined by B. For any F -measurable
set E, let Eˆ be the B-measurable set defined by
Eˆ = supp(Φ(χE))= {x ∈ X: Φ(χE)(x) = 0},
and let FE,BE be the subrings defined by
FE = {B ∈F : B ⊆ E}, BE = {B ∩ E: B ∈ B}.
By the definition of the conditional expectation, Eˆ is the smallest B-measurable set con-
taining E [4]. We have the following lemma.
Lemma 1. Let E be an F -measurable set and f a positive B-measurable L∞-function
such that supp(f ) ⊆ Eˆ. Then
(1) ‖f · χE‖∞ = ‖f ‖∞.
(2) f = χ
Eˆ
if and only if f · χE = χE .
(3) For any C > 0, f  C · χ
Eˆ
if and only if f · χE  C · χE .
An F -measurable subset E is said to be a localizing set for B if E is not a null set, and
E ∩ Bˆ = B for any F -measurable subset B of E. An F -measurable subset E is said to be
an antilocalizing set for B if E is not a null set and E contains no localizing sets for B.
A localizing set E for B is said to be a maximal localizing set for B if for any localizing set
B for B, E ⊆ B implies that B = E. Let E be an F -measurable subset of X. It is known
that if B is a localizing subset of E, then E contains a maximal localizing subset F for
BE such that B ⊆ F . A (finite or infinite) sequence {B1,B2, . . .} of F -measurable sets is
called a maximal localizing partition for B if the following conditions hold:
• B1 is a maximal localizing set for B, and for each i  2, Bi is a maximal localizing set
in Xi = X \⋃i−1i=1 Bj for BXi .• If {B1, . . . ,Bn} is a finite sequence, then either ⋃nk=1 Bk = X or X \⋃nk=1 Bk is an
antilocalizing set for B.
Note that our definition of maximal localizing partition is not the same as the definition
in [2]. Let us summary some properties of localizing sets and maximal localizing partitions
that are due to J. Campbell, A. Lambert, and B. Weinstock [2,4]:
(1) Let E be a localizing set for B. A. Lambert [4, Proposition 1.4] proved that f ·Φ(χE)
= χE · Φ(f ) for any f ∈ L1(E,FE,µ). Hence, Φ(|f |) = |Φ(f )| if supp(f ) ⊆ E.
(2) It is known that there is a maximal localizing partition {Bi}i1 such that µ(Bi) 
µ(Bi+1). Let B0 = ⋃ Bk and C = X \ B0. It is easy to see that either C is ank1
140 P.-K. Lin / J. Math. Anal. Appl. 312 (2005) 138–147empty set or C is the maximal antilocalizing set for B. Let α be the function from X
to R defined by
α(x) =
{
1
Φ(χBk )(x)
if x ∈ Bk for some k,
0 if x /∈⋃k1 Bk . (a)
By (1), for any localizing set E and for almost all x ∈ E, α(x) = 1
Φ(χE)(x)
. Hence
if {Di}i1 is another maximal localizing partition and if α¯ :X → R is the function
defined by
α¯(x) =
{
1
Φ(χDk )(x)
if x ∈ Dk for some k,
0 if x /∈⋃k1 Dk .
Then α = α¯ a.e. In this article, for a given subalgebra B ⊆ F , α always denotes the
function defined in (a).
(3) Let {E1,E2, . . .} be a sequence of piecewise disjoint localizing sets. Let B1 be a
maximal localizing set for B such that B1 is a maximal localizing set which con-
tains E1. By induction, we can get a maximal localizing partition {B1,B2, . . .} such
that
⋃n
k=1 Ek ⊆
⋃n
k=1 Bk for all k ∈ N.
(4) It is known that for any F -measurable set E and any two maximal localizing subsets
E1,E2 of BE , Eˆ1 = Eˆ2. So for any two maximal localizing partitions {B1,B2, . . .},
{C1,C2, . . .}, we have Bˆk = Cˆk for any k ∈ N. This implies those two sequences have
the same length.
Let A and K be the normed spaces
A= {f ∈ L∞(X,F ,µ): ∥∥Φ(|f |)∥∥∞ < ∞},
K= {f ∈ L1(X,F ,µ): ∥∥Φ(|f |)∥∥∞ < ∞}
with the norm ‖f ‖ = ‖Φ(|f |)‖∞. It is easy to see that both A and K are normed lattices
(order ideal). Thus f is an extreme point of the unit ball of A (respectively, K) if and only
if |f | is an extreme point of the unit ball of A (respectively, K). For any F -measurable
set E, let KE and AE be the sets
KE =
{
f ∈K: supp(f ) ⊆ E}, AE = {f ∈A: supp(f ) ⊆ E}.
A. Lambert [5] proved that
• K = L∞(X,F ,µ) if and only if there is C > 0 such that for all f ∈ L∞(X,F ,µ),
|f | CΦ(|f |);
• K= L1(X,F ,µ) if and only if B is generated by a finite partition of X.
In [3], J. Daughtry and B. Weinstock considered the set of all extreme points ofA and they
asked the following questions:
(1) Suppose that A contains at least one extreme point. Does X contain a localizing set
for B?
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f in the open ball of complex A a convex combination of extreme points of A?
In this article, we show the answers to the above questions are affirmative. First, we
need the following lemma that is due to J. Campbell, A. Lambert and B. Weinstock
[2, Theorem 1.7].
Lemma 2. Let E be a localizing set for B. The function Φ restricted to KE is a lattice
isometry from KE onto L∞(Eˆ,BEˆ,µ).
Proof. Let E be a localizing set for B. It is known that the restriction of Φ to KE is a
one-to-one isometry. So we need only to prove that Φ(KE) = L∞(Eˆ,BEˆ,µ). We claim
that α · χE is integrable.
For any n ∈ N, let En be the set En = {x ∈ E: |α(x)| n}. Then α ·χEn is an integrable
function and
Φ(α · χEn) · χE = α · χEn · Φ(χE) = χEn.
By Lemma 1, Φ(α · χEn) = χEˆn . This implies that∫
α dµ = lim
n→∞
∫
En
α dµ = lim
n→∞
∫
χ
Eˆn
dµ = lim
n→∞µ(Eˆn) 1.
We have proved our claim.
Let h be any element in L∞(Eˆ,B
Eˆ
,µ). Then α · h is integrable and
Φ(α · h) · χE = α · h · Φ(χE) = h · χE.
By Lemma 1 again, Φ(α · h) = h. The proof is complete. 
Theorem 3. Let (X,F ,µ) be a probability space and B a sub-σ -algebra of F . Then f is
an extreme point ofA (respectively,K) if and only if E = supp(f ) is a localizing set for B,
and Φ(|f |) = χX (i.e. Eˆ = X and |f | = α · χE).
Proof. Sufficient conditions. It is known that
• f is an extreme point of L∞(X,F ,µ) if and only if |f | = χX .
• Let B be any F -measurable. Then for any f ∈K,
Φ
(|f |)= Φ(|f | · χB)+ Φ(|f | · χX\B).
• If f > 0, then Φ(f ) > 0.
Let f,g,h be any three elements in the unit ball of K (respectively, A) such that E =
supp(f ) is a localizing set for B, Φ(|f |) = χX , and 2f = g + h. By Lemma 2 and the
above remarks, we have f = g ·χE = h ·χE and g ·χX\E = 0 = h ·χX\E . We have proved
that f is an extreme point of K.
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that f is a positive function. Let h = χX − Φ(f ). Then h ∈ L∞(X,B,µ) and h > 0. Let
g1 = f + h and g2 = f − h. Then 2f = g1 + g2, and
max
{
Φ
(|g1|),Φ(|g2|)}Φ(f ) + Φ(h) χX.
This implies that both g1, g2 belong to the unit ball ofA (respectively, K). We have proved
that if f is an extreme point of A (respectively, K), then Φ(|f |) = χX .
Suppose that E = supp(f ) is not a localizing set for B. Then there are two disjoint
F -measurable sets E1,E2 of E such that µ(E1) > 0 and Eˆ1 = Eˆ2. Replacing F by the
σ -algebra generated by B ∪ {E1,E2}, we may assume that both E1 and E2 are localizing
sets for B. By Lemma 2, Φ restricted to KE1 (respectively, KE2 ) is a lattice isometry from
KE1 (respectively, KE2 ) onto L∞(Eˆ1,BEˆ1,µ). So there are two positive functions g,h in
L∞(X,F ,µ) such that g + h f , supp(g) ⊆ E1, supp(h) ⊆ E2, and Φ(g) = Φ(h). Then
Φ
(|f + g − h|)= Φ(f + g − h) = Φ(f ) + Φ(g) − Φ(h) = Φ(f )
= Φ(f ) − Φ(g) + Φ(h) = Φ(|f + g − h|).
This implies that f is not an extreme point in K (respectively, A). The proof is com-
plete. 
Suppose that X contains no antilocalizing subsets for B. Then for any maximal localiz-
ing set E for B, Bˆ = X. We have the following corollary:
Corollary 4. Let (X,F ,µ) be a complete probability space and B a sub-σ -algebra of F .
(1) Suppose that there is a localizing set E for B such that Eˆ = X. Then K has an extreme
point. Hence, if X contains no antilocalizing subsets for B, then K has an extreme
point.
(2) Suppose that there are a localizing set E and a positive real number β such that Eˆ = X
and Φ(χE) βχE (i.e. α · χE  χEβ ). Then A has an extreme point.
If B is a sub-σ -algebra of F such that F = B, then X is not a localizing set for B. We
have the following corollary.
Corollary 5. Suppose that B = F . Then f is not an extreme point of K (respectively, A)
if supp(f ) = X.
Let f1, . . . , fn be n extreme points ofK (respectively,A). By Theorem 3, there is a max-
imal localizing partition {Bj }j1 for B such that for each k  n, we have⋃kj=1 supp(fj ) ⊆⋃k
j=1 Bj . We have the following corollary.
Corollary 6. Suppose that 12χX can be written as a convex combination of n extreme points
of K (respectively, A). Then every maximal localizing partition of B has length at most n.
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tion f , f  CΦ(f ). Then X contains no antilocalizing subsets for B and there is a
maximal localizing partition whose length is at most C.
Proof. Suppose that there is C > 0 such that for any positive L∞(X,F ,µ)-function f ,
f  CΦ(f ). Assume that the lemma is not true. Let E be an antilocalizing subset
of X. We claim that there is an antilocalizing subset E1 of E and a decreasing sequence
{U1,U2, . . .} of F -measurable subsets of E1 such that limn→∞ µ(Un) = 0 and Uˆn = Eˆ1
for all n ∈ N.
Note that an F -measurable set is not localizing if and only if there is an F -measurable
subset F1 of F such that µ(F1) < µ(F) and Fˆ1 = Fˆ . Let E be an antilocalizing set for B.
By induction, there is a decreasing sequence {V1,V2, . . .} of subsets of E such that for
all k ∈ N. Vˆk = Eˆ and if B is a measurable subset of Vk with m(B)  m(Vk) − 12k ,
then Bˆ = Eˆ. If limn→∞ µ(Vn) = 0, then E and {V1,V2, . . .} satisfy the conclusion of the
claim. So we may assume that limn→∞ µ(Vn) > 0. Let E2 =⋂∞n=1 Vn. Then µ(E2) > 0.
By our construction, if U is a measurable subset of E2 such that µ(U) < µ(E2), then
Uˆ = Eˆ. We must have Eˆ = Eˆ2. Let E1 = E \ E2, and for each n ∈ N, let Un =
Vn \ E2. Then Eˆ1 = Uˆn for all n ∈ N and limn→∞ µ(Un) = 0. We have proved our
claim.
Select n such that (C +1)µ(Un) < µ(E1). Notice that Un ⊆ E1 ⊆ Eˆ1 = Uˆn. By Cheby-
shev’s inequality and Lemma 1, we have
µ
({
x ∈ Eˆ1: C · Φ(χUn)(x) < 1
})
> 0,
µ
({
x ∈ Un: C · Φ(χUn)(x) < 1
})
> 0.
This contradicts to the fact χUn CΦ(χUn).
Let {B1,B2, . . . ,Bn} be any maximal localizing partition. Then for any k  n, Bˆn ⊂ Bˆk
and Φ(χBk ) 1CχBˆn . This implies that
χX = Φ(χX) −
n∑
k=1
Φ(χBk ) +
n∑
k=1
Φ(χBk )
n∑
k=1
Φ(χBk )
n
C
χBn,
and nC. The proof is complete. 
Theorem 8. Let B be a sub-σ -algebra of F . If K (respectively, A) has the uniformly
λ-property, then X contains no antilocalizing sets for B and there is a maximal localizing
partition with finite length.
Proof. Suppose that X has an antilocalizing subset E for B. Then by Theorem 3, for all
extreme point f of X, supp(f ) ∩ E = ∅. Thus if K (respectively, A) has the λ-property,
then X contains no antilocalizing subsets for B.
Suppose that every maximal localizing partition has infinite length. Let {Bn}n1 be a
maximal localizing partition for B. Fix n ∈ N. Since α is finite almost everywhere and
Bˆn ⊆ Bˆk for all k  n, there is a B measurable subset F of Bˆn such that µ(F) > 0,
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∑n
k=1 χF∩Bk . Then‖g‖∞ < ∞ and
Φ
(|g|)= Φ(g) = 1
n
n∑
k=1
Φ(α · χBk∩F ) = χF .
Suppose that there are an extreme point e of K (respectively, A), a unit vector f , and
β ∈ [0,1] such that g = βe+ (1 −β)f . Notice that F is a B-measurable set, Φ(|e|) χX ,
and Φ(|f |) χX ,
χF  χF ·
[
βΦ
(|e|)+ (1 − β)Φ(|f |)] χF · [βΦ(β · e) + (1 − β)f ]
= χF · Φ
(
g) = χF .
So both e · χF and f · χF are positive functions. Suppose that µ(supp(e) ∩ F) = 0. Then
χF = Φ(χF g˙) = (1 − β)Φ(f · χF ),
and β = 0. So we may assume that µ(supp(e) ∩ F) > 0. Let x be any element in supp(e)
∩ F . Then x belongs to Bk ∩ F for some k  n. Then
α(x)
n
= g(x) = βe(x) + (1 − β)f (x) βα(x).
This implies that β  1
n
. Note that n is arbitrary natural number. We have proved that
neither K nor A has the uniformly λ-property if the length of any maximal localizing
partition is infinite. 
Theorem 9. Let B be a sub-σ -algebra of F . Suppose that X contains no antilocalizing
subsets for B and there is a maximal localizing partition with finite length n. Then
(1) A has an extreme point.
(2) Both K and A have the uniformly λ-property.
(3) Every element f inK with ‖f ‖ 1
n
can be written as a convex combination of at most
2n extreme points.
Proof. Proof of (1). Suppose that the length of any maximal localizing partition is at
most n. Let E be the set
E = {x ∈ X: α(x) 2n},
and let {B1, . . . ,Bn} be a maximal localizing partition for B. Then
φ(χE) = Φ(χX) − Φ(χX\E) = χX −
n∑
k=1
Φ(χBn\E) χX −
n
2n
· χX = χX2 .
This implies that if F is a maximal localizing subset of E, then Fˆ = X. By Corollary 4,
A has an extreme point.
Proof of (2). Suppose that X contains no antilocalizing subsets for B and there is a
maximal localizing partition for B whose length is finite. By (1),A has an extreme point e′.
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is a lattice. Without loss of generality, we assume that f is positive. Let E be the set
E =
{
x:
f (x)
α(x)
 1
n + 2
}
,
and let B be a maximal localizing set such that B ∩ E is a maximal localizing set for FE
and E \ B ⊆ supp(e′). Let e = α · χB . Then
‖e‖∞ max
{‖e′‖∞,‖α · χE‖∞}max{‖e′‖∞, (n + 2)‖f ‖∞}< ∞.
This implies that e is an extreme point of A. To show that K (respectively, A) has the
uniformly λ-property, it is enough to show that ‖f − e
n+2‖ n+1n+2 . By Lemma 1, we need
only to prove the following two inequalities:
Φ
(∣∣∣∣f − en + 2
∣∣∣∣
)
· χB∩E  n + 1
n + 2 · χB∩E,
Φ
(∣∣∣∣f − en + 2
∣∣∣∣
)
· χB\E  n + 1
n + 2 · χB\E.
Proof of Φ(|f − e
n+2 |) · χB∩E  n+1n+2 · χB∩E . Note that f  χB∩En+2 ,
Φ
(∣∣∣∣f − en + 2
∣∣∣∣ · χB∩E
)
· χB∩E =
(
Φ(f · χB∩E) − 1
n + 2Φ(α · χB∩E)
)
· χB∩E

(
χX −
χ
B̂∩E
n + 2
)
· χB∩E = n + 1
n + 2 · χB∩E.
Proof of Φ
(|f − e
n+2 |
) · χB\E  n+1n+2 · χB\E . Let {V1, . . . , Vm} be a maximal localizing
partition for B such that V1 = B . Then
Φ
(∣∣∣∣f − en + 2
∣∣∣∣ · χB\E
)
· χB\E  1
n + 2
(
Φ(e · χB\E) + Φ(α · χB\E)
) · χB\E
 1
n + 2
(
Φ(e · χB\E) +
n∑
k=1
Φ(α · χVk\E)
)
· χB\E  (n + 1)χB\E
n + 2 .
We have proved (2).
Proof of (3). Let {B1, . . . ,Bn} be a maximal localizing partition. For each k  n, let
Ek be any maximal localizing set such that Bk ⊆ Ek and let ek = α · χEk . By Theorem 3,
ek is an extreme point of K for each k  n. Let f = 1n
∑n
k=1 ek. We claim that if g ∈K and|g| = f , then g is a convex combination of extreme points of K.
Let g be a function in K such that |g| = f and let
h(x) =
{
g(x)
f (x)
if x ∈ supp(f ),
1 otherwise.
Then |h(x)| = 1 for all x ∈ X and g = 1
n
∑n
k=1 h · ek. We have proved that if g ∈K and if|g| = f , then g is a convex combination of extreme points of K. Note that every complex
number of modulus less than one is a convex combination of two point on the unit circle.
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|h2| and 2h = h1 + h2. We need only to show that if ‖g‖ 1n , then |g| f .
Let g be any positive element in K such that g  f . Then there is  > 0 and an
F -measurable set F with µ(F) > 0 such that g · χF  f · χF + χF . Since X contains no
antilocalizing subsets for B, F contains a localizing subset E for B. Then
Φ(g)Φ(g · χE)Φ(f · χE) + Φ( · χE) > Φ(f · χE) χE
n
.
We have proved that if ‖g‖ 1
n
, then |g| f . The proof is complete. 
Let H be a normed space. J. Daughtry and B. Weinstock proved [3] that if H has the
uniformly λ-property and if there is β > 0 such that every f ∈H with ‖f ‖  β can be
written as a finite combination of extreme points of H, then every vector in the open ball
of H is a convex combination of extreme points of H. We have the following theorem.
Theorem 10. Let B be a sub-σ -algebra of (X,F). there is a maximal localizing partition
with finite length. Then every element in the open ball of the complex K is a convex combi-
nation of the extreme points of K. In particular, if there is C > 0 such that |f | CΦ(|f |)
for all f ∈ L∞(X,F ,µ), then every element in the open ball of the complex A is a convex
combination of the extreme points of A.
Example 11 [3, p. 35]. Let X = [−1,1] ∪ [2,3] and F the set of all Lebesgue measurable
subset of X. Let B be the σ -algebra generated by{
E ⊆ [−1,1]: E is symmetric about the origin}∪ {[2,3]}.
Note that for any localizing set E for B, supp(Φ(χE)) = X. Neither A nor K has an
extreme point.
Example 12 [2, Example 2.2]. Let X = [0,1] ∪ {2}, B = {X,∅} and
F = {B ⊆ X: B ∩ [0,1] is Lebesgue measurable}.
Let m be the Lebesgue measure on [0,1] and let µ be the measure on X defined by
µ(A) =
{
1
2m(A ∩ [0,1]) + 12 if 2 ∈ A,
1
2m(A ∩ [0,1]) if 2 /∈ A.
It is easy to see that f an extreme point of K if and only if |f | = 2χ{2}. Since [0,1] is an
antilocalizing set for B, neither K nor A has the λ-property.
Example 13. Let X = {an: n ∈ N} and µ the measure defined on X such that µ(an) = 12n .
Let B = {X,∅}. Then for any n, 2nχ{an} is an extreme point of unit ball of K (respec-
tively, A). Note that B has no maximal localizing partition with finite length. By Theo-
rem 8, neither K norA has the uniformly λ-property. It is easy to see that every unit vector
of K can be written as an infinite convex combination of extreme points. Both A and K
have the λ-property.
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on X such that µ(an,k) = 1n2n for any n ∈ N and k  n. Let B be the σ -algebra generated
by {An: n ∈ N}. It is easy to see that if B is a maximal localizing set for B, then for each
n ∈ N, the set B ∩ An contains exactly one element. Note that α(an,k) = n for all n ∈ N
and k  n. This implies that A has no extreme points. We claim that K does not have the
λ-property. Let e be any extreme point in K, f any element in the unit ball of K, and
β ∈ [0,1] such that χX = βe+ (1−β)f = χX . Since Φ(e)+Φ(f ) = χX and Φ(e),Φ(f )
in the unit ball of L∞(X,F ,µ), we must have e 0 and f  0. For each n, let an,k be the
element in An such that an,k ∈ supp(e). Then
1 = χX(an,k) = βe(an,k) + (1 − β)f (an,k) βe(an,k) = nβ.
So β  1
n
for all n ∈ N. We have proved that β = 0 and K does not have the λ-property.
Example 15. Let An = {an, bn}, X = ⋃∞k=1 An, and µ the measure on X defined by
µ(an) = n−1n2n and µ(bn) = 1n2n for all n ∈ N. Let B be the σ -algebra generated by{An: n ∈ N}. Since X has no antilocalizing subsets and the length of maximal localiz-
ing partition is 2, both K and A have the uniformly λ-property (by Theorem 9). Note that
α(bn) = n. If f is an extreme point of the unit ball of A (f ∈ L∞(µ)), then there is N ∈ N
such that for any n  N , bn /∈ supp(f ). Thus 12 · χX cannot written as a finite convex
combination of extreme points of A.
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